We study the semileptonic b → u transition in the decay mode B − → π + π − −ν . We define B → ππ form factors in the helicity basis, and study their properties in various kinematic limits, including form factor relations in the heavy-mass and large-energy limits, the decomposition into partial waves of the dipion system, and the resonant contribution of vector and scalar mesons. We show how angular observables in B − → π + π − −ν can be used to measure dipion form factors or to perform null tests of the Standard Model.
I. INTRODUCTION
The decay B → ππ −ν is interesting for several reasons. At quark level, it is generated by the semileptonic b → u ν transition which, in the Standard Model (SM), is induced by tree-level W -boson exchange but proportional to the small element V ub of the CabibboKobayashi-Maskawa (CKM) matrix. For a while the common paradigm has been to search for new physics (NP) in rare loop-induced flavour transitions. Meanwhile, in light of the small tension observed between the determinations of |V ub | from inclusive B → X u −ν or exclusive semi-leptonic B → {π, ρ} −ν decays [1, 2] , systematic tests of b → u transitions in the SM and beyond appear timely. In this context, the dipion system in the hadronic final state not only provides an independent decay channel, but, more importantly, offers the possibility to explore a number of angular observables that are sensitive to the spin structure of the underlying shortdistance operators responsible for the decay in the SM or NP. The situation here is similar to the analysis of rare b → s transitions in B → (Kπ) S,P + − decays, see for example [3] [4] [5] [6] [7] [8] [9] [10] [11] .
Moreover, the phase space associated with the kinematics of the four-body decay covers various limiting cases for which specific theoretical approaches to handle the strong-interaction effects in Quantum Chromodynamics (QCD) are applicable. In particular, this includes expansions in small light-quark or large heavyquark masses based on effective-field theory methods. For instance, the case of two pions recoiling against each other with a large energy can be used to assess the reliability of theoretical predictions in the QCD factorization approach which has been frequently used for non-leptonic B → ππ decays [12, 13] . The decay B − → π + π − −ν also involves the resonant channel B − → ρ 0 (→ π + π − ) −ν decay which is one of the afore-mentioned exclusive modes where the |V ub |-extraction is not in perfect agreement with the inclusive determination. The theoretical exploration of the various corners of (non-resonant) phase space will therefore also help to better understand the proper description of the B → ρ ν decay beyond the approximation of narrow width and flat non-resonant background. Our paper is organized as follows. In the following section II, we provide the basic definitions for B → ππ form factors that are most convenient for the angular analysis and for the theoretical description of the decay in certain kinematic limits. In section III we consider the dipion form factors for two kinematic limits, giving rise to symmetry relations in heavy-quark effective theory (HQET), and soft-collinear effective theory (SCET), respectively. Further form factor properties in specific kinematic situations, namely the perturbative factorization in the limit of almost back-to-back energetic pions, on the one hand, and the description of hadronic resonances in the dipion channel, on the other hand, are the subject of section IV. The phenomenology of the angular distributions of the decay B − → π + π − −ν in the SM is worked out in section V. In section VI we combine knowledge of the form factor limits with the angular distribution to derive relations between the angular observables that do not depend on a hadronic model. We conclude in section VII.
II. B → ππ FORM FACTORS

A. Kinematics
Let us begin with the definition of the kinematics. In the following, p µ = M B v µ will denote the 4-momentum of the decaying B-meson. The projection with its fourvelocity v µ defines the energy of the final-state particles in the B-meson rest frame, p 0 = (v · p). The momenta of the decay products will be denoted as k 
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We define the sum and difference of hadronic and leptonic momenta as
The hadronic system is then described by three kinematic Lorentz invariants: the momentum transfer q 2 , the dipion invariant mass k 2 , and the scalar product q ·k. The latter defines the polar angle θ π of the π + in the dipion rest frame
where
The relative orientation between the leptons and hadrons in the final state is further characterized by the Lorentz invariants
where θ is the polar angle of the negatively charged lepton in the dilepton rest frame, and φ is the azimuthal angle between the dilepton and dipion decay plane. Here and in the following lepton masses are set to zero. More details can be found in app. A. In the following, it will be convenient to construct an orthogonal basis of momentum vectors,
(II.5)
Properly normalized, using
the vectors in eq. (II.5) represent an orthonormal basis of time-like and space-like polarization vectors associated with the leptonic currents, see also eq. (A.4) in the appendix,
which will be used to project onto helicity form factors.
B. Vector and Axial-Vector Form Factors
In the SM, the B → ππ ν decay amplitudes are characterized by the transition form factors for vector and axial-vector b → u currents between a B-meson and two pions. Using the definitions of the previous subsection, we parametrize the hadronic matrix elements in terms of one vector form factor F ⊥ ,
and three axial-vector form factors F t , F 0 , F ,
Note here, that the apparent divergence of the hadronic matrix elements in the limit q 2 → 0 is compensated by an appropriate phase space factor, see eq. (V.2) and eq. (V.3). Here, each form factor depends on the three independent Lorentz invariants q 2 , k 2 and q ·k. It is also to be noted that, in general, the dipion form factors are complex functions above threshold k 2 > 4m 2 π . The prefactors in eq. (II.8) and eq. (II.9) are chosen in such a way that the form factors correspond to particular helicity amplitudes which can be simply obtained by contraction
with the polarization vectors as defined in eq. (II.7). We obtain
In terms of the so-defined "helicity form factors", one obtains simple expressions for the differential decay widths in the angular analysis and simple relations between form factors in HQET or SCET, which have also been emphasized for other decay modes [5, [14] [15] [16] [17] .
C. Partial Waves
The B → ππ helicity amplitudes can be expanded in terms of associated Legendre polynomials P (m) (cos θ π ), with = (0, 1, 2, . . .) corresponding to (S, P, D, . . .) partial waves. For the helicity amplitudes H 0 and H t one obtains
and for H ± one gets
which contains no S-wave contribution. For the form factors F 0 and F t this directly translates into the partialwave expansion
For the form factors F and F ⊥ we define
III. FORM FACTOR RELATIONS
In certain kinematic limits, the form factors will obey approximate symmetry relations which would become exact in the limit of infinitely heavy b-quark mass. Similar to what is known from B → K ( * ) + − decays, the form factor relations allow relatively robust predictions for angular observables which are independent of hadronic matrix elements in these limits. Note that the form factor relations are valid for each partial wave separately.
A. HQET Limit
If the energy-transfer to the hadronic final state is small, i.e. (v · k) ∼ Λ had m b , the heavy b-quark acts as a quasi-static source of color, and the techniques of HQET are applicable. For the kinematic invariants in the ππ-system this implies,
with Λ had being a typical hadronic scale of order of a few hundred MeV; see also fig. 1 for a sketch of the phase space. In particular, the general set of heavy-to-light form factors for arbitrary Dirac structures can be related to a smaller set of Isgur-Wise functions [18, 19] . To this end, the dipion system is represented by the most general Dirac structure that can be constructed from the two pion momenta and the heavy-quark velocity. We define the following parameterization,
which introduces four independent Isgur-Wise functions
For a given decay current, the form factors can then be obtained in terms of ClebschGordan coefficients given by the Dirac trace,
where Γ is the Dirac matrix of the underlying current. For left-handed SM currents this yields one-to-one relations between the four helicity form factors F i and the Isgur-Wise functions,
In the presence of NP, other b → u ν operators may contribute, and the corresponding form factors for pseudoscalar, tensor or pseudotensor currents would be given by the same set of Isgur-Wise functions Ξ 1−4 . Explicit theoretical expressions for the Isgur-Wise functions Ξ 1−4 can be obtained in the limit where the two pions are soft, v · k i ∼ M π , in which case the methods of heavy-meson chiral perturbation theory [20] are applicable. , the hadronic dynamics can be treated in soft-collinear effective theory (SCET) [21, 22] . The phase space region associated with this limit is sketched in fig. 1 . Similarly to the HQET case, this yields new form-factor symmetry relations which have already been established for single light pseudoscalars or vector mesons in the final state [23, 24] (analogous relations for baryonic decays can be found in [15, 25] ). These can be conveniently derived by introducing light-like vectors n µ ± in the k-q plane, according to
in terms of the rapidity η and the three-momentum | q | of the lepton pair in the B-meson rest frame: These vectors satisfy the relations
and can be used to construct Dirac projectors
In the large-energy limit, only the P + projection of the energetic u-quark in the b → u ν transition contributes. The trace in eq. (III.3) then simplifies further, because the terms with / q and / k (0) (/ k ( ) and/ q (⊥) ) in M ππ yield the same contribution,
which implies the large-recoil form-factor relations
Theoretical approaches to predict the form factors ξ L and ξ T in the SCET limit depend on the distribution of the large energy/momentum among the two pions:
• If both pions are energetic and move collinear with a small invariant mass k 2 ∼ Λ 2 had , the 2-pion state could be described by a generalized distribution amplitudes (GDAs), i.e. a two-pion light cone distribution amplitudes (2πLCDAs) [26] [27] [28] [29] . The 2πLCDAs contain the time-like pion form factors and the contributing hadronic resonances (notably ρ → ππ) as a limiting case.
• If only one pion is energetic and the other soft, a combination of SCET/QCDF and chiral perturbation theory should apply, similar to [30] where this combination was studied in the context of B →Kπ + − decays.
IV. FORM FACTOR PROPERTIES
In this section we briefly comment on further generic properties of the dipion form factors that are characteristic in certain regions of the |ππ phase space.
A. QCD Factorization for Large Dipion Masses
Let us consider the kinematic regime where -in the B-meson rest frame -the two pions in the hadronic final state move almost back-to-back, each with large energy, such that their invariant mass is large, fig. 1 for an illustration 1 . In this case, we face a similar situation as in non-leptonic B → ππ decays, and thus expect that the QCD factorization approach from [12, 13] should also be applicable.
Note that in non-leptonic decays, the short-distance quark transitions are dominantly described by four-quark operators that can directly induce the leading partonic Fock states required for B → ππ transitions in the "naive" factorization approach. For non-leptonic decays, the radiative effects from additional gluons with virtualities of O(m 2 b ) (hard) or O(Λ had m b ) (hard-collinear) thus provide corrections to naive factorization.
In B → ππ ν the situation is different, as the first nonvanishing contribution already requires the exchange of a hard gluon in order to produce the additionalpair in the final state, see Fig. 2 . This situation corresponds to the perturbative limit of the 2πLCDAs discussed in [31] which can then be expressed in terms of the conventional pion LCDAs.
We thus expect the QCD factorization formula for the dipion form factors in the considered kinematic limit (and for m b Λ had ) to take an analogous form as for nonleptonic B → ππ decays. Here at leading term all dipion form factors would be expressed in terms of a universal B → π form factor, the first inverse moment of the pion LCDA, and simple kinematic factors. The measurement of the dipion form factors would thus provide an independent test of the QCD factorization approach, respectively an independent determination of the relevant hadronic input parameters. Radiative corrections from hard and hard-collinear gluon exchange could be calculated perturbatively, see Fig. 2 . More details will be provided in [32] .
B. Resonance Contributions
Formally, a resonance contribution to B → ππ form factors can be obtained using hadronic dispersion relations in the variable k 2 , At this point we must carefully identify the resonances that emerge in the k 2 spectrum, according to the isospin quantum numbers of the dipion. In the decay B − → π + π − −ν the dipion system is a superposition of the isoscalar I G = 0 + and isovector (I G , I 3 ) = (1 + , 0) states. In the analogous decayB 0 → π + π 0 −ν and B − → π 0 π 0 −ν , however, the pions are purely in the isovector (I G , I 3 ) = (1 + , +1) and isoscalar state, respectively. Altogether, the three hadronic matrix elements for B → ππ are expressed in terms of two independent isospin amplitudes. From this we obtain in the isospin symmetry limit the relation
We consider only resonant contributions due to the isovector vector mesons ρ(n), as well as the isoscalar scalar mesons f 0 (n), where n denotes the quantum number of radial excitation. We sketch the region of phase space where the ρ(n) dominate in fig. 1 . Since we consider only dipion states up to angular momentum one, we discard resonances with spin larger than one. Hereafter, we will proceed with the more general case of B − → π + π − −ν . The B 0 decay can be recovered by omitting the f 0 contributions and adding a relevant isospin factor.
Continuing with eq. (IV.2), we obtain for the contribution of the ρ intermediate states
with η being the polarization vector for the vector state associated with the four-momentum k. In the B-meson rest frame (B-RF)
see app. A for details. For the f 0 state we obtain
For both ρ and f 0 , the above formulae still employ the narrow-width approximation. The strong couplings are fixed via
for the f 0 , and for the ρ helicity states a = ±, 0. Note that g ρππ = g ρ 0 π + π − = −g ρ + π + π 0 due to isospin.
We use the helicity decomposition of B → R, R = S, V form factors as in [14] , adjusted to our notation and phase convention. By S(k) and V (k, η) we shall denote a hadronic scalar and vector state with momentum k and polarization vector η, respectively. We define for the vector resonances
as well as
and for the scalar resonances
where we abbreviate
and use an isospin factor κ = √ 2 for B − → ρ 0 transitions, and κ = 1 forB 0 → ρ + transitions. We express the resonant pole contributions to the B → ππ form factors in terms of the B → V and B → S form factors. In this way we obtain for all final state polarizations the P -wave contributions
For the S-wave contributions we find
(IV.14) The total decay width Γ R was added to the pole
which govern the resonance behavior in the variable k
Note that the widths can be interpreted as contribution of multihadron states to the imaginary part of ππ|B in k 2 . For more details we refer to [33] where the origin of the ρ width in the pion form factor was discussed in detail.
V. DECAY RATE AND ANGULAR ANALYSIS
In terms of the vector and axial-vector form factors, the amplitude for B → ππ ν in the SM can be expressed as
where the helicity form factor for time-like polarization F t does not contribute in the limit of massless leptons.
In the following, we find it convenient to express our re-sult in terms of normalized partial-wave amplitudes, defined from the corresponding partial-wave expansion of the form factors,
where the normalization factor absorbs kinematic and coupling parameters,
and we restrict our analysis to k = S, P waves in the following.
The five-fold differential decay width forB → π + π 0 −ν then takes a similar form as for the rare FCNC decayB →Kπ + − , which has received a lot of attention recently [6] [7] [8] [9] [10] . Choosing q 2 , k 2 , cos θ π , cos θ and φ as the five independent kinematic variables, we obtain 8π 3
where J(q 2 , k 2 , cos θ π , cos θ , φ) is decomposed into the angular functions f n ≡ f n (cos θ π , cos θ , φ) and angular observables J n ≡ J n (q 2 , k 2 ). This notation has been introduced in [3] for B → K * (→ Kπ) + − decays, originally restricted to pure P -wave contributions and not taking into account scalar or pseudoscalar operators (which could be relevant in certain NP models). The general case, including a general basis of b → u operators and interference effects between S-and P -wave contributions, can be worked out following [4, 10] and reads
in the absence of D-wave or higher partial wave contributions 2 . Any deviation from eq. (VI.1) would indicate BSM physics of both scalar and tensor nature, compare [10] in [34] .
The second set of test only holds in the SCET limit. In that limit
since the form factors fulfill F
for all partial waves k. Breaking of the relations (VI.11)-(VI.14) in the SCET limit can only be achieved through either a) subleading corrections to the form factor relation or b) NP effects in b → u transitions, such as V +A transitions.
B. Accessing Form Factor Ratios and Phase Differences
We write each form factor F (l) i in polar form,
using the moduli r i . Given the explicit V -A nature of b → u transitions in the SM, we can access five phase differences through ratios of angular observables,
where we employ ten independent angular observables. Moreover, we can access four ratios of moduli r 17) and
using four further independent observables. Overall this amounts to nine constraints on the form factors that arise from 14 angular observables. Together with J 6c (vanishing in the SM), J 1c,1sc (not independent from J 2c,2sc in the SM), and the differential decay width,
we arrive at 18 angular observables. Thus, the determination of form factor ratios, form factor phases and the product of form factor moduli and |V ub | as described in eqs. (VI.16)-(VI.19) exctracts the maximum amount of information from the angular distribution.
VII. CONCLUSION
In this paper we have considered the semileptonic decay B → ππ ν in the Standard Model (SM) and analyzed the complete set of angular observables describing the four-body final state. Detailed quantitative predictions for these observables require genuinely nonperturbative information, which is encoded in hadronic B → ππ form factors. In turn, as we have explored, a full-fledged angular analysis of the decay will allow one to extract form factor ratios and relative strong phases from experimental data. We have also shown that in the soft or collinear limit, the number of independent form factors is reduced due to heavy quark symmetries in HQET or SCET, respectively.
The tension in the determination of |V ub | has lead to speculations about possible non-standard contributions in b → u transitions. As we have discussed in this paper, the chiral structure of weak interactions can be used to identify null tests of the SM in B → ππ ν decay observables; i.e. any violation of the V -A structure in b → u transitions will show up in modifications of eq. (VI.1) and eq. (VI.2).
Our observations can also be useful for interpolation between different corners of phase space, where the resonance structure of the ππ-system is described by phenomenological models, or theoretical calculations based on QCD factorization, heavy-hadron chiral perturbation theory, or QCD sum rules are applicable. Detailed analyses of this kind go beyond the scope of the present paper and are left for future work.
The Dilepton Rest Frame
We describe the dilepton system through its invariant mass q 2 as well as the lepton helicity angle θ , i.e., the angle between the − direction of flight and the the z axis in the dilepton rest frame. We choose the x-z plane as the decay plane of the dilepton system. Thus, we write in the ν rest frame ( ν-RF) Comments are due on the choice of the polarization vectors, especially the signs of ε z (0) as well as ε y (±). These haven been adopted to obtain longitudinal and right-handed/left-handed polarization of the ν system, which moves along the negative z-axis.
The B-Meson Rest Frame
In the rest frame of theB meson (B-RF) we write explicitly Since we chose to describe the decay through the invariants q 2 and k 2 , we use .6) 
